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Abstract. In this paper, we prove that Euchdean hypersurfaces with almost ex- 
tremal extrinsic radius or Ai have a spectrum that asymptotically contains the spec- 
trum of the extremal sphere in the Reilly or Hasanis-Koutroufiotis Inequalities. We 
also consider almost extremal hypersurfaces which satisfy a supplementary bound 
on ua/IIBIIq and show that their spectral and topological properties depends on the 
position of a with respect to the critical value dirn Jk£. The study of the metric shape 
of these extremal hypersurfaces will be done in [jr" using estimates of the present 
paper. 



1. Introduction 

Throughout the paper, X: — t- is a closed, connected, immersed EucUdean 

hypersurface (with n ^ 2). We set vm its vokime, B its second fundamental form, 
H = itrB its mean curvature, vm its extrinsic radius (i.e. the least radius of the 
Euclidean balls containing M), (Af^)jgN the non-decreasing sequence of its eigenvalues 
labelled with multiplicities and X := J^^ Xdv. For any function / : M — J- M, we set 



_ r \ fibril, 

a VM 



The Hasanis-Koutroufiotis inequality asserts that 

(1.1) ^A/||H||2 ^ 1, 

with equality if and only if M is the Euclidean sphere Sm with center X and radius 
1 

l|H||2- 

The Reilly inequality asserts that 

(1.2) Af^nplli, 

once again with equality if andonjly if M is the sphere Sm (we give some short proof 
of these inequalities in section lEJ" 

Our aim is to study the spectral properties of the hypersurfaces that are almost 
extrepial for each of this Inequalities. The results and estimates of this paper are used 
in to study the metric shape of the almost extremal hypersurfaces. 

We set nf^' = A;(n-|-/c— 1)||H||2 the k-th eigenvalue of Sm (labelled without multipli- 
cities) and rrik its multiplicity. Throughout the paper we shall adopt the notation that 
T{e\n, • • • ) is a positive function which depends on re, • • • and which converges to zero 
with e — 7- when re, • • • are fixed. 
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maintheo 



Theorem 1.1. For any immersed hypersurface M ^ M"^^ with rjvf ||H||2 ^ 1 + e (or 
^ 1+e) and for any k ^ ttjutt interval [{1—T{e\n))fj,^'^'', (l+r(e|n))^^*^] 



with ^^^^p^ 



contains at least eigenvalues of M counted with multiplicities. 



must satisfy "^^^^^^ 



ahnost extremal hypersurfaces for the Reilly inequality 



theo 



^ • • • ^ Xn+i ^ (l + T(e|n))n||H||9 and so must have at least 



nlimio. This is very different from the almost extremal 



c 

n + 1 eigenvalues close to A^^ — "-11-1^112 

manifolds for the Lichnerowicz Inequality in positive Ricci curvature (see |^). 

|iinai |ithRO 

The proof of Theorem lli.il is based on estimates for the restrictions to M of homogen- 
eous, harmonic polynomials of the ambient space M""*"^. Such a polynomial of degree k 
satisfies the equality A^^p = n\\}i\\ldP{X) + \\R\\lD°dP{X,X) = ^l"' P whereas its 
restriction on M satisfies A*^P = nB.dP{v) + D^dP{v, v) where D^dP is the Euclidean 
Hessian and v a local unit, normal vector to M. We prove that on almost extremal 
hypersurfaces, the quantities v — HX and |H| — ||H||2 are small in L^-norms, 



CM^^^jCgmputations, gives essentially the following estimates (see Lemmas lb. 3 1 and 



ctrexple4 



(1-3) |llv'^'lli2(M) - \\vP\\Us,,)\ ^ r{e\n,k)\WP\\LHSM)^ 

(1-4) \\A''^P-^ll'^'^P\\L'^M) ^ T{e\n,k)\WP\\L^{M). 

where is a cut function localized near Sm- The main difficulty in proving this estimate 

is that there is no known good local control of the measure on M involving only the 

L^-norm of the mean curvature. 
Jmajjitheo 

Theorem 111.11 does not say that the spectrum of almost extremal hypersurfaces is 
close to the spectrum oi Sm-, but only that the spectrum of Sm asymptotically appears 
in the spectrum of M. Our next result shows that it is optimal in dimension larger 
than 2, even under a supplementary (not too strong) bound on the sectional curvature. 

Theorem 1.2. Let Mi,M2 M""*"^ be two immersed compact submanifolds of dimen- 
sion m ^ 3, Mi#M2 be their connected sum and F be any closed subset of]0, +00 [ con- 
taining Sp(Mi)\{0}. Then there exists a sequence of immersions i^ : Mi#M2 ^ M""*"-*^ 
such that 



1) ik{Mi^M2) converges to Mi in Hausdorff topology, 

2) the curvatures of ik{Mi^M2) satisfy 

/ |H|" / |H|° for any a e [I, m), 

/ / |B|" for any a £ [l,m), 

3) nfc6NU/^fcSp(i/(Mi#M2)) = F U {0}, 

4) Vol (ifc(Mi#M2)) ^ Vol Ml. 

To get almost extremal submanifolds from the previous result, we just have to con- 
sider the case where Mi = S" (and F C [n, +oo[). It gives almost extremal hyper- 
surfaces for the Reilly or Hasanis-Koutroufiotis Inequalities with the topology of any 
immersible Euclidean hypersurface, a spectrum as Hausdorff-close as we want of any 
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Lipschitz 



ctrexplel 



ctrexple3 



closed set containing Sp(S") (and contained in [n, +oo[), even if we assume a bound on 
umIIBII;;^ for any a < n. 

On the other hand, if we assume a bound on ||B||a with a > n, we prove in Ij^ 
that the almost extremal hypersrfaces converge to Sm^^'^ Hausdorff distance, which 



combined with the C^'^ pre-co: 
previous version of this paper 



;^ctness theorem of ([Kl^or a Moser iteration as in the 
2|j imply the following stability in Lipschitz distance. 



Theorem 1.3. Let n < a ^ oo. 

WAf ||B||a ^ A and rM||H||2 ^ 1 + e 



Any immersed hypersurface M 
(or with fAf||B||^ 



pn+l 



with 



< A and "^^^^^^ 



^ 1 + e) is 

diffeomorphic to Sm and satisfies di^M, Sm) ^ T{e\n,a,A). In particular, we have 



Ai 



|Af - Af^K T{e\k,n,a,A) for any keN. 



will be 



Eventually, the critical case where we assume an upper bound on fA./||B| 
studied in a forthcoming, but we construct in the present paper some examples of 
almost extremal hypersurfaces satisfying jS^d^a^^ound as a preliminary. First of all, 



considering the constructions of Theorem 111 .2\ m the case a = n, we get almost extremal 
hypersurfaces for the two inequalities with the topology of any immersible hypersurface, 
with umII-BII^ bounded and whose spectrum asymptotically contains Sp(5m) and a 
finite subset of M\Sp(5a//) (see section IE. l|) . Note however that the bound on U7v/||B||5^ 
will depend on the topology of the extremal hypersurfaces and on the values and number 
of their eigenvahies not close to Sp(S'm)- 

In section IE. 2] we construct almost extremal hypersurfaces for the Hasanis-Koutroufiotis 
inequality, not diffeomorphic to Sm, not Gromov-Hausdorff close to Sm, with limit 
spectrum larger than the spectrum of S" and with ||H||oo bounded. We set E{x) the 
integral part of x. 

Example 1.4. For any couple {l,p) of integers there exists a sequence of embedded 
hypersurfaces Mj ^ M"'+^ diffeomorphic to p spheres glued by connected sum along 



I points, such that \\ilj\\oo ^ C{n), ||H||2 = 1, ||Bj||„ ^ C{n), \\\Xj\ — 1 

A' 



IH, 



1 



1 



0, and for any o" G N we have Ao- 



Mi 



0, 



In particular, the Mj have 



at least p eigenvalues close to whereas its extrinsic radius is close to 1. 
Example 1.5. There exists sequence of immersed hypersurfaces Mj ^ 



R"+i diffeo- 
morphic to 2 spheres S" glued by connected sum along 1 great subsphere S"^^, such 



that 



1 



0, 



,|H,|L ^ C{n), WRjh = I, ||B,||2 ^ C{n), \\\X,\ - l||^ ^ 0, |||H,| .,1^ 

and for any cj G N we have Ao- — )• A|?^'a;^, where S"''^ is the sphere S" endowed with 

the singular metric, pulled-back of the canonical metric o/S"' by the map vr : {y,z,r) £ 
§1 X §^^-2 X [0, f ] ^ (/, z, r) G X S"-2 X [0, f ], where x S"-^ x [0, f ] is identified 



with S" C X M"^^ via the map ^{y,z,r) = ((sinr)y, (cos r)2;) . Note that S"''' has 
infinitely many eigenvalues that are not eigenvalues o/S". 

The structure of the paper is as follows: after a preliminary section 

give short proofs of the Reilly and Hasanis-Koutroufiotis inequalities, we prove some 

concentration properties for the volume, , mean^ curvature and position vector X of 
- . . _ _ _ Jcpncentratijmmbg, _ 



el 

where we 



almost extremal hypersurfaces in Section |B) Section |H| is aevoted to estimates on the 
restriction on hypersurfaces of^hg^homogeneous, harmo^^cjjolynomials of M"^^. These 
estimates are used in Section fcTto nrove Theorem lli.li rWc end the naper in section m 
by the constructions of Theorem 111.21 and of Examples 111.41 and 111. bl 
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Throughout the paper we adopt the notation that C{n,k,p,- ■ ■) is function greater 
than 1 which depends on p, q, n, ■ ■ ■ . It eases the exposition to disregard the explicit 
nature of these functions. The convenience of this notation is that even though C might 
change from line to line in a calculation it still maintains these basic features. 

Acknowledgments: Part of this work was done while E.A was invited at the MSI, ANU 
Canberra, funded by the PICS-CNRS Progress in Geometric Analysis and Applications. 
E.A. thanks P.Delanoe, J.Clutterbuck and J.X. Wang for giving him this opportunity. 



prel 



f ondhess 



hsiung (2.2 



rbog 



2. Some geometric optimal inequalities 

Any function F on R""*"^ gives rise to a function F o X on M which, for more 
convenience, will be also denoted F subsequently An easy computation gives the 
formula 



(2.1) 



AF = nRdF{u) + A°F + V^dF{u, v), 



where u denotes a local normal vector field of M in M"+^, V'^ is the Euclidean con- 
nection, A denotes the Laplace operator of (M, g) and A'' is the Laplace operator of 
]^n+i fj^j^jg formula is fundamental to control the geometry of a hypersurface by its 
mean curvature^^A^^hed to F{x) = {x,x), where (•,•) is the canonical product on 
M"+\ Formula ir^ 



gives the Hsiung formulae. 



1 



A|Xp = nR{iy,X) 



n, 



H(z^, X)dv = vm 



M 



prim2 (2.3) 



2.1. A rough geometrical bound. The integrated Hsiung formula 
Cauchy-Schwarz inequality give the following 

5^^<IIH|b||x-X||, 

M VM 

This inequality ||H||2||^ — X\\2 ^ 1 is optimal since M satisfies ||H||2||Ar 



.ung 

and the 



1 



X 



1 if 



and center X. Indeed, in this case X — X and 
is locally constant on M \{H = 0}. 



and only if M is a sphere of radius pjjj^ 

f are collinear on M \ {H = 0}, hence \X 
This implies that {H = 0} = and that X is an isometric-cover of M on the sphere S 
of center X and radius ||X — X||2 = Trfrn-, hence an isometry. 



2.2. Hasanis-Koutroufiotis inequality on extrinsic radius. We set R the ex- 
trinsic Rad yas. o ^ M, i.e. the least radius of the balls of M""*"^ which contain M. Then 
Inequality (fz.'6\) gives HHUgTAf = ||H||2 inf^gjjn+i ii||oo ^ ||H||2 inf„gjgn+^J|X- 



IHIIoIIA: 



_LM gives llHllgrAf 
Xy ^ 1 and TM = 



-u 2 



IIHII 



if and only if we have equality in 



2.3. Reilly inequality on 

ponent function of X 



Since we have — 

I'M 



J^,{X,-X,)dv 



\M 1 

\m 



^ Af I 



X 



,,v^>-j — ^v, , u,c. — for any com- 
X, by the min-max principle and Inequality (p. 31) . we have 



Af 



Xi 



«II2 



n where A*'' is the 



first non-zero eigenvalue of M and where the last equality comes from the fact that 
J2i iVXjp is the trace of the quadratic form Q{u) = \p{u)\'^ with respect to the canon- 
ical scalar product, wli(^^|)^is the orthogonal projector from W^~^^ to T^M. This gives 
the Reilly inequality (pi.^f) . 



Here also, equality in the Reilly inequality gives equality in b.ai and so it characterizes 
the sphere of radius -u^u- = \\X\\2 = 



n 



concentration 



banal it e 



3. Concentration estimates 



We say that M satisfyss the piiuiiijip; {Pp,e) when ||H||p||X — X\\2 ^ 1 + e. From the 



proofs of Inequalities and (|ll.2p above, it appears that pinchings ||H||2 ^ 1 + e 
or re||H|||/Ai ^ 1 + e imply the pinching (P2,e)- 

From now on, we assume, without loss of generality, that X = 0. Let X'^{x) denote 
the orthogonal projection of X{x) on the tangent space T^M. 

-v\\'>. ^ 



Lemma 3.1. // (i-*2,e) holds, then we have \\X ||2 ^ v3e||X||2 and \\X — 
V^e\\Xh. 

Proof. Since we have 1 = ^ jj^^^^{X,v)dv ^ ||H||2||(X, z^)||2. Inequality (i-*2,e) gives us 

||X||2 ^ (l+e)||(X,z.)||2 and! ^ ||H||2||X||2 ^ l+e. Hence \\X-{X,u)u\\^ i^V^e\\X\\^ 
and \\X - ^\\l = \\X\\l-m-2^ ^^e\\X\\l 



□ 



We set Ar, = B^{^)\Bo{^) 



i-n 



estimplus Lemma 3.2. If {Pp^i.) (for p > 2), or n||H||2/A* ^ 1 + or rj\,f||H||2 ^ l+e holds 



(with e ^ TgnJ; then we have ||||^|| 



|||H|-||H||2||2^C^||H||2 



l|H||2 
2p 



100/' II IK"- II IIHII2II2 

and Vol (M \ A s/^) ^ C^vm, where C = 6 x 2~ in the case (Pp,e) and C = 100 in 
the other cases. 

Proof. When (Pp^e) holds, we have 



|H||p||X||2 ^ (l + e) ^ (l + e)||H||p||X||_z_ ^ (1 + e)||H||,||X||i 



1 ||2 
WE\\2 



imii- 

lire 



hence we get || |X| 

second inequality of Lemma b.il it gives 
|||H| - IIHII2IL ^ ||H||i|||X| 



+ nw =^ 2f-''2 T^e. Combined with the 



'l|H|l: 



IHI|2 II2 
l-n-112 



l|H||; 



+ l|H||i|X| 



lite 



l|H||^ 
1 

IHII 



,^C^I|H||2 



Now, by the Chebyshev inequality and Lemma b.i| we get 

Vol {M\A^)= Vol {x G M/\\X{x)\ - ^1 ^ ^} 



IHI 



Jm 



\\X\ 



H 



^ C{p)^/evM 



When rM||H||2 ^ 1 + e holds. We set Xq the center of the circumsphere to M of 



radius rM- We have \\X — Xq 



11^111 + l^ol 



and then we have 



|Xo| ^ ^ and \X\ ^ |Xo| + r^, ^ So we have p],^ - \X\^ ^ ^ 

M \ A 4/j. Chebyshev inequality and (p.3|) give us 
VoliM\A^)j^ 

M-.-.-MO ^ 

VM Jm\A4^ 11-^-^112 



on 



VM 



lag 



VM Jm\Aa^ H 2 VM Jm 



1 



|H||i 



Hlli 
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where in the last inequahty we have used |X| ^ '^i^i/^ and, so we get 



\X\ 



IHII 



IXI 



|H| 



\x\ 



^ \o\{M\A^) 1 



10^ 



IHI|2 



VM 



IHI|2 



IHI|2 



|H| 



lite 



l|H||2 



|H| 



Combined with the second inequahty of Lemma 113.11 we get 

When n||H|||/Af^ ^ 1 + e holds, we have /^(I^P - ||-'^||2)'^^^ = and so by the 
Poincare inequality we get - \\Xg\\l ^ ^ ^ ;ff|, which 



l^lli 



12^ 



gives j^\\\X\ - p^ll^ ^ lllXp - ^ll^ ^ \\\X\^ - \\X\\l\\^ + 
and then we get the estimate on the volume of Ai^hy the same Chebyshev procedure 
as for Pp^e and the estimate on the mean curvature by the same procedure as for 
rM||H||2 4 1 +£. □ 



[0, 1] be a smooth function with ^=0 outside [ ^^ \[r\\^^ ' '^^"T^ip^l 



Let ^:[0, oo) 

and ■0=1 on [ ||^j|2 , ||^j|2 ]■ Let us consider the function ip on M defined by 

ip{x) = ip{\Xx\'^) and the vector field Z on M defined by Z = — HX. The previous 
estimates then imply the following. 



estinormphiz Lemma 3.3. {Pp^e) (for p > 2) or n||H||2/Ai ^ 1 + £ or rA/||H||2 ^ 1 + e implies 



|H| 



^ C7^||H|||, yz\\2 ^ Ce32 and \\\ip\\l - 1| ^ C^, where C is a 



constant which depends on p in the case (Pp^e)- 

Proof. We have \\ip^{li^ - ||H|||)||i ^ |||H| - ||H||2||22||H||2 ^ C^||H||i and 

yz\\l=— [ ip'^\Z\'^dv = — [ ip'^{l-2H{u,X) +R^\X\'^)dv 
VM Jm vm Jm 



|H||i 



VM J M 



^WRWiWx 



if^lX 



av + 



1 



|H||i 



H i|2 /—\ 



^WlvM Jm 



IHI 



- \X\^\\R\\l)dv 



H||i) 



|H||i 



lite 



which gives the result by Lemma lb. 1 1 .bmallv. we have 1 ■ 
\\^\\\ and \\^\\\ ^ 1. 



Vol {M\A 8^) ^ Vol(Ag^nM) ^ 
vm ^ vm ^ 

n 



Homog 



4. Homogeneous, harmonic polynomials of degree k 

In this section, we give some estimates on harmonic homogeneous polynomials re- 
stricted to almost extremal hypersurfaces. They will be used subsequently to derive 
our result on the spectrum and on the volume of almost extremal manifolds. Let us 
begin by general estimates on harmonic, homogeneous polynomials. 



7 



4.1. General estimates. Let H''(M"+^) be the space of homogeneous, harmonic poly- 
nomials of degree k on R"+^ Note that n^{W+^) induces on S'^ the spaces of eigen- 
functions of A^" associated to the eigenvalues jik := k{n + k — 1) with multiplicity 
^n + k-l\ n + 2k-\ 

ruk :-- ■ 



k J n + k-1 

On the space 'H''{W^~^^), wc set {P, Q)^„ := voTs" /s" PQdvcaa , where dvcan denotes 
the element volume of the sphere with its standard metric. 

Remind that for any P G 'H''iW+^) and any Y G R"+\ we have dP{X) = kP{X) 
and V°dP(X,y) = {k - l)dP{Y). 



Pcarre | Lemma 4.1. For any x G M"+^ and P G ^^(M"'^^), we have \P{x)\^ < ||P||gnmfc| 



\2k 



Proof. Let {Pi)i<^i<^mk be an orthonormal basis of 7{^(R"+^). For any x G S", (5x(-P) = 
P'^(x) is a quadratic form on ^'^(R"+^) whose trace is given by ^fi^)- Since for 

any x' G S" and any O G On+i such that x' = Ox wc have Qx'{P) = Qx{P°0) and since 
P ^ PoO is an isometry of we have i^^^x) = tr {Q^) = Y.T=i Pii^') = 

tr (Q,,)- Wc infer that YT=i Vofs^ Js- ^'(•^'■)*^ = "^fe = Vofs^ /s" (EI^^ ^'(^)) and 
so Pii^) = '^it- By homogeneity of the we get 



^ (4.1) 



2fc 



1=1 



and by the Cauchy-Schwarz inequality applied to P(x) = X^j(P, Pi)§'»Pi(a;), we get the 
result. □ 



As an immediate consequence, we have the following lemma, 
grad Lemma 4.2. For any x,u G M"+^ and P G {M."''^^) , we have 



\dxP{u)\' ^ ||p||2„^^('^|^|2(fc-l)|^|2 + (^2 _ /f^l)^^^^)2|^|2(fc-2) 



\ n 



n 



)■ 



Proof. Let x G and u G so that (■u,^) = 0. Once again the quadratic forms 
Qx,u{P) = {dxP{u))^ are conjugate (since 0„+i acts transitively on orthonormal 

ruk 

couples) and so E((ia;Pj(u)) does not depend on u G X"*- nor on x G S". By choosing 

1=1 

an orthonormal basis (%)i^j^n of X"*-, we obtain that 



i=l i=l j=l •'^ i=l 



nVoi; 
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Hess 



P3 



estimphi 



Now suppose that n E 1 

Y,{dxmu)f = Y,{d.,P,{v) + k{u,x)P,{x)) 



Then u = v + {u, x)x, where v = u — {u, x)x, and we have 

2 



i=l 



■rrik 



Y,{dxP^{v)) + 2k{u,x)Y,dxPi{v)Pi{x)+mk{u,xfk^ 



i=l 



i=l 



n 



v\ + mk{u, x) k = ruk y — \u\ + yk j (n, x) j , 



where we have taken the derivative the equahty to compute ^^dxPi{v)Pi{x). By 



i=l 



homogeneity of we get Pi (n)) = mfc(^|x|2('=-i)|ti|2+(A:2_/i)^^^ ^)2|^|2(fc-2)^ 



and conclude once again by the Cauchy-Schwarz inequahty. 
Lemma 4.3. For any x e and P G 7^'^(M"+^), we have 

|V°dP(x)|2 ^ \\P\\lumkan,k\x 
where an,k = {k - l){k'^ + fik){n + 2k-3) C{n)k^. 
Proof. The Bochner equality gives 



□ 



2(fc-2) 



iv°dp.(x)|2 = Y,UdA^Pi,dPi) - -AO|dP,n 
i=i i=i ^ ^ 



(4.2) 



--mk{k'+^ik)l^^\X\ 



mkan,k 



X 



2k-A 



□ 



4.2. Estimates on hypersurfaces. Let n^{M) = {P o X , P G -H'=(R"+1)} be 
the space of functions induced on M by T-O'i^^^^). We will identify P and P o X 
subsequently. There is no ambiguity since we have 

Lemma 4.4. Let M" he a compact manifold immersed by X in W^^^ and let (Pi, . . . , P^) 
be a linearly independent set of homogeneous polynomials of degree k on M*^"^^. Then 
the set (Pi o X, . . . , Pm o X) is also linearly independent. 

Proof. Any homogeneous polynomial P which is zero on M is zero on the cone M^-M. 
Since M is compact there exists a point x G M so that X^ ^ T^M and so M~^-M has 
non empty interior. Hence P o X = implies P = 0. □ 

We now compare the L^-norm of P on M with L^.j^orm of P on the sphere Sm = 
pjH^S". We still denote ip : [0,oo) — > [0,1] a smooth function which is outside 

is 1 on [(i^, and satisfies the upper bounds ^ ^ 

and ^ We set ip{x) = ^(|X^P) on M. 



Lemma 4.5. With the above restrictions on tp we have 

2„ 192||H||t„,^7,„2 16n||H||^„ ^„ 
IIAv^'lli ^ ^^WX^Wl + 



T] 



Proof. An easy computation yields that 

= -4(V'2)"(|X|2)|X^|2 - 2n(V'2)'(|X|2) (i., Z) 
But the bound on the derivatives of ip gives us |(^^)'| ^ MMa.^ ^j^^j KV'^)"! ^ ^^^^^^^^ 



2 



Hence we get ||A^2||^ ^ + l^yz\\,. □ 



Ppresquortho Lemma 4.6. Lei ip : M ^ [0, 1] 6e as above. There exists a constant C = C{n) such 
that for any isometrically immersed hypersurface M o/M"+^ and any P G ^{^{M), we 

have |||H||2'=||<^P||i-||P||2„| ^ [l-\Ml + DCin)Z^=l^^i^ + vf') \\P\\l, where 

D = yzh + yzg + ^iix-iii + ifyzw, + 

Proof. For any P S 'H^{M) we have 
yv'P\\l = \\ipdP{i^)g + \\ipdP\\l 

= ydP{z)\\l + k^yRp\\l + — [ {2kmp{^z)ipP + ip'^PAP-^^^)dv 

vm J m 2 

.dhess 



Now, Formula applied to P G 'H''{W+'^) gives 
laplap I (4.3) AP = /ifcH^P + (n + 2fe - 2)HdP(Z) + V^dP{Z, Z) 

hence, we get 

Wipv^pwl =\\dP{^z)\\i + (/xfc + k'm^pwi 

+ — I (v^PV°dP(Z, Z) + (n + Ak- 2)ipRdP(ipZ)P - ^^^^)dv 
vmJm 2 

=— / ({nk + k'^){Yi^ -WRWDip^P"^ + {n + Ak-2)mP{^Z)ipP]dv 

+ {PV^dP{^Z,^Z)- ^'^y^ )dv 
vmJm 2 

+ {l,k + k')\ml\WP\\l + \\dP{vZ)\\l 

Now we have 



normgradO| (4.4) || V°P|| J„ = + A:^ ||P||i„ = (/ifc + A:^) ||P||^„ 

Hence 

||Hr-2||^V°P||i-||V°P||J„ = (^fc + A;2)(||H||r||^P||2_||P||2^^ 

||TT||2A:-2 

+^ / ^'ip(Uj^ + k^)lYl^ -m\\l)p^Yi(n + Ak-2)dP{Z)+V^dP{Z,^^^ 

VM Jm ^ ' 

P||2fc-2 . p2^(^2) 



2 



^'M J M 
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Which gives 
(4.5) 

|H|iril^p|li-l|p||^. 



1 



H||f-2||^vup||2_||yup 



+ 



+ 



|H 



\2k-2 



fJ-k + k'^ 

2k-2 



AI 



(n + 4A; - 2)|H|(^|P||(iP((^Z)| + \dP{ipZ)\'^ + \P\\V°dP\\ipZ\' 



IHII 



2|tt2 



9^1 H- 



Pr.arre 

By Lemma b-H we have 



|H 



|2fc-2 



VM J M 



IH^ - \\R\\lUipPfdv ^ 



IH 



|2A;-2 
l2 



VM 

^ ||P||§„ mfc(l + r]) 



M 



2 , _^,2ku^H^'-\mi)\\i 



ml 



In the same way, we have 



|H 



|2fc-2 



VM Jm 

and using Lemma K. 2 ^ we get 



|H||i 



|H 



|2fc-2 



VM J M 



^'^\PdP{Z)}l\dv ^ 



mkk\\P\\ir.\mt 



2k-2 



VM 



^^\X\'^k-i^YlZ\dv 



M 



and 



|H 



|2fc-2 



|H 



\2k-2 



\dP{LpZ)Y ^ ||P||§nmfc/c 
VM Jm vm Jm 



|^^|2|^|2(A:-l) 



^ \\P\g.mkk\l + r]f^yZ\\l 



Finally, using Lemma H.6\ we get 



IH 



|2fc-2 



VM Jm 



|P||V°(iP||^Z|2 ^ \\P\\l^mk^k 



IH 



|2fc-2 
l2 



VM Jm 
^ \\P\\ln mk^/c^il + vf'WipZWl 

li nt.Rrmediaire ^[nnY jii c rradO 

which, combined with fk.b\] and equation 



\X\^^''-''>\^Z\^dv 



|H||f||(^P||i-||P||^„ 
IIPIP 



gives 

mf-^^v^pg-\\v^p\\l 



\\V^P\\i 



92 (H2 



IHH2 



2IU 



ml 



m\i 



11 



In particular for A; = 1, we have |V°P| constant equal to (1 + n)||P|||„ and so 
|l|Hi||(/^P||i - ||P||^„| ^ (1 - llc^lli + C{n)m,{l + r,fD) \\P\\l„ 



Now, let Bk = sup{^ 



yup g 7^fc-i(M"+i) and 



*llwPI|2-||P||2 I 



#adO 



P G ?^^(R"+i) \ {0}}. Then using that 



we get 



Bk ^ Bk-i + C{n)mk{l + r^f^D ^ 1 - + C{n)D ^ mi{l + r]f^ 



4 = 1 



□ 



potm 



ftaintheo 
"Tl 

Jmajjitheo J baaalite j ga^inormphiz 

Under the assuniptionof ^Thec^ijem lli.il we can use Lemmas Il3.il and 113.31 to improve 



the estimate in Lemma Il4. 61 in the case rj = 2 ^^/e, 



Ppresquortlio2 Lemma 5.1. For any isometrically immersed hypersurface M ^ W^^^ withrM\\^\\2 ^ 
1 + e (or Ai(i + e)^ ^ iT'W^WI iPp,e) for p > 2) and for any P G H'^^M), we have 

\\mfyp\\l-\\p\\l\^c'^\\p\\l, 

where C = C{n,k) in the first two cases and C = C{p,k,n) in the latter case. 
As a consequence, the map P i— ipP is injective on 'H^{M) for e small enough. 



dimension 



Hpr e.snnorT, 

Lemma 5.2. Under the assumption of Lemma b.ll if e ^ 



.escuiortho2 



(2C) 



then dimiLp-H^iM)) 



rrik- 



Lemma lb.il allows us to prove the following estimate on AP. 



.esquortho2 -j^ 



almosteigenf Lemma 5.3. Under the assumptions of Lemma lb. R if e ^ (2^)'*"^ • ^^^""^ f^f <my P G 

n^iM), we have \\A{ipP) - fi'l^'ipPW^ ^ C ^^fi^^'^Ph where C = C{n,k) (C = 
C{n,k,p) under the pinching (Pp^^)). 



Proof Let P G 'H'^{M). Using fc.ijl we have 
A(v9P) =PAv3 - 2{dP, d(f) + tfAP = PAcp - 2{dP, dcp) + (pn}idP{u) + (pV°dP{u, v) 
=PAip - 2{dP, dtf) + ffik\H\ IIHII2P + (p{n + k- i) — ||H||2(iP(Z) 



H 



H 



estil 



+ ip{n + k- i)K5T(|H| - \\R\\2)dP{u) + ^VdPiu, Z) 
I I 

hence, we get 

\\A{y,P) - f,k\\H\\lipP\\2 ^ ||(Avp)P||2 + 2|| {dip,dP) + ^j,\\{\H\ - ||F||2VP||2||H||2 
(5.1) 

+ (n+/c-l)||H||2||^|(iP||Z|||2 + {n+k-l)\\^{\R\ - ||H||2)dP(iv)||2 + ||(^|V°dP||Z| II2 
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Let us estimate ||(A(/9)P||2. 



1 



VM Jm 



||(A^)Pi^— / i4\r{\X\'')\\X^\' + 2n\ij\\Xf)\\Z\fP''dv 



— ([ \X\''{Mri\Xn\X^\' + 2n\^'i\X\')\\Z\fdv) \\P\\l 



mfe (1 + 2 Ve)^^ 
VM WHWf' 

mfc (1 + 2 
VM \\H\\f 



2\xT\2 + 2n^^\Z\ydv)\\P 



2\\H 



2 



128||i?|| 



i?l 



2 16/? 



re 



Since we have IX-'^I ^ |X| and since Lemma lla^al^ is valid with ||(/?^||| replaced by 
^/ |Zp,weKet 



^2 



2 ^ C{n,k)nk \\P\\ln 



VM \\H\\f J A <ie 



-2 



ffl|6 11^114 
^ll2|^T|2^^|^|2)^^ 



C(n, 4 2 

^ ||H'||2fc 11^112 V£||P||S" 

ll^lb 

From the lemma lBTTl g $~ implies that 



stiimportante 



esti2 



(5.2) 

which gives 

(5.3) 

Now 



(2C)32 

||P||^„<2||i7||r||^P||i 
||(A<p)P||i ^C(n, fe)/.,.||P^||^i^||v,P||i 



||(d(^,dP)||1^4||V''(|X|2)|X^||dP|||^^ 



16||H||t 

WVM 



[ \X^\'^\dP\'^dv 

J 16^ 



MM||p||2 



"2 

|X^|2mfcnfe2|X|2(^-i)di; 



2 IS/? 



estiS 



(5.4) ^ C(n,A;);Ufc ^^||H||^-2'= ||P||2„ ^ C(n, A;)||H||^ ^^||<^^||i 

By the same way, we get 



esti7 



(5.5) 



||^|(iP|Z||2 ^C(n, %fc||H||2V^||(^P||2 



Now, by Lemma Il3.2l we Have 



|H| - ||H||2)c^P||i ^ ^ ||P||i„ / \\H\- \\Hh\''\X\'''^^dv 
VM Jm 



esti4 



(5.6) 

By the same way, we get 



^^^\\p\\Uwm-\\Hh)\\i 

\W\\2 

^C{n,k)ix4H\\l^re\WP\\l 



estiS 



(5.7) 



||^(|H| - ||H||2)(iP(i/)||i ^ C{n,k)^ik V^||H||^||^P||i 
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Now let us estimate the last terms of (lb. ill 



VM Jm 



estiSi (5.8) f^C{n,k)fik\\H\\2'-V£yP\\l 

\\A{^P) - ^ikWHg^Ph ^ C{n,k) '^fikWmlyph 



Reporting lp!^ 7 l^!Ef 7 ipm r &!7p ind (OPm (pTT we get 



□ 

Let £"1 be the space spanned by the eigenfunctions of M associated to an eigenvalue 
in the interval [(1 - ^^2C{n,k))^if^' ,{1 + '-^2C{k,n))n'l''']. If dim£| < m^, then 
there exists (pP G {ip'H''{M)) \ {0} which is L^-orthogonal to E^. Let (^P = 

i 

be the decomposition of ipP in the Hilbert basis given by the eigenfunctions of M 
associated respectively to Aj. Putting N := {i/ fi ^ E^}, by assumption on P we have 

AC{n,kfre{4^'fypg ^ Y.i^^-4'')'\\m^ = ||A(^P) -/xf^^Plli 

^{4-'fCin,kfreyP\\l 
which gives a contradiction. We then have dimii^| ^ nik- 



6. Some examples 

Jctrexple4 lAim.Takl . AGl 

6.1. Proof of Theorem II1.2L We adapt the constructions made in p, TZ, '^[. We 

consider submanifolds obtained by connected sum of a small submanifold eAl2 with 
a fixed submanifold Mi along a small, adequately pinched cylinder eT^. This is a 2 
scales collapsing sequence of submanifolds. Gluing several such cylinders (with M2 
replaced by S'" for the supplementary cylinders) adds any finite set of eigenvalues to 
the spectrum of Mi. Since^" ^^Sp^(^i ) is the Hausdorff limit of a sequence of finite 
sets, this will give Theorem ill. 2 1 "first describe precisely the construction in the case 
of one gluing, taking a special care of the case a = n. 

6.1.1. Flattening of submanifolds. For any submanifold M of M""*"^, we set M^ the 
submanifold of M""*"^ obtained by flattening M at the neighbourhood of a point xq £ M 
along the following procedure: 

M is locally equal to {xq + w + f{w), w G 5o(10eo) C T^qM} where / : Bo{Weo) C 
TxqM — )■ NxqM is a smooth function and Nx^M is the normal bundle M at xq. Let 
if : M+ — )• [0, 1] be a smooth function such that 99 = on [0, 4eo] and = 1 on 
[5e0)+oo). We set M^ the submanifold obtained by replacing the subset {xq + w + 
f{w), w £ Bo(lOeo) C Tx,M} by {xq + w + fe{w), w £ 5o(10eo) C T^.M}, with 
f^{w) = f{'p{^^)w) for any e ^ 2eo, and M= = M^ \ S^o(3e). Note that is a 
smooth deformation of M in a neighbourhood of xq and that the boundary of has 
a neighbourhood isometric to the flat annulus -Bo(4e) \ B()(3e) in M"^. Note also for 
what follows that for e small enough, \ Bxq{W£) is a subset of M. As a graph, the 
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curvatures of at the neighbourhood of xq are given by the formulae 

m n+1 

l^-l'= E E Ddfp{e^,ek)Ddf,{ej,ei)W'^H''^'GP^i 

i,j,k,l=l p,q=m+l 
^ n+1 m 

k,l=m+l i,j=l 

where (ei, • • • , e^) is an ONB of Tr^^Mi, (e^+i, • • • , en+i) an ONB of Nr^^^Mi, fs{w) = 
X;r=m+i /i(^^)ej, Gki = Ski + {^fk,^fi) and H^i = dki + {dfe{ek),dfe{ei)). Now 
converges in norm to / on any compact subset of -Bo(eo) \ {0}, while \dfs\ and 
\Ddfe\ remain uniformly bounded on -Bo(^o) when e tends to 0. By the Lebesgue 
convergence theorem, we have 

lim / \B.rrdv = lim / iBrrdv = I lurdv 



/|H| 



lim / \Bs\'^dv = hm / {Bsl'^dv = / |B|"(iz; 

for any q ^ 1. By the same way, any function on M can be seen as a function on 
and this identification of H^{M) with H^{M'^) tends to an isometry as e tends to 0. 

6.1.2. Control of the curvature of the gluing. Let Mi, M2 be 2 manifolds of dimension m 
isometrically immersed in R"+^ and A, L be some fixed, positive real numbers, with A ^ 
Sp(Mi) and L > max ( ^ i'^ ^ where d is the distance between A and Sp(Mi) in 
M. We consider the flattenings -^2 around the point X2 and Mf of Mi around xi. 

Let D he a smooth hypersurface of revolution of M"^+^, composed of three parts, Di, 
D2, -D3, where Di is a cylinder of revolution isometric to Bq{3) \ Bq{2) C IR™'^^ at the 
neighbourhood of one of its boundary component and isometric to [0, 1] x S™-"^ at the 
neighbourhood of its other boundary component, where D2 = [0, L] x S™^^ and where 
D3 is a disc of revolution with pole X3 and isometric to [0, 1] x S™^^ at its boundary 
and to a flat disc at the neighbourhood of X3. Let C be a cylinder of revolution of 
dimension m isometric to B(){2) \ Bq{1) C M"^ at the neighbourhood of its 2 boundary 
components. 



There exists > such that for any u g]0, fo[ the gluing of Mf \ -^2:2 (2^); of vC 
and of D \ B^^ (2z^) along their isometric boundary components is a smoothly immersed 
submanifold T' ,of dimension m. By standard arguments (see for instance Rfor what is 
done in section lp.l.tjl m a"more complicate case), when u tends to 0, the Dirichlet spec- 
trum of Tl converges to the disjoint union of the Dirichlet spectrum of D and of the spec- 
trum of M2. Moreover, for u small enough, X^{Tl) depends continuously on u. We infer 
that for any e g]0, eo(-^2, A, L, Di, D3)[ there exists a £]0, fo(M2, A, L, Di,D3)[ such 
that Af (T^J = e^A and A^(r^J ^ A2(L, M2, A, L>i, Dg) > 0. We set = eT^^. Note 
that we have fj.^ \B\p ^ e™-PC'2(M2, A, L, L»i, L>3) for any p < m, lim^^o /tJEP = 
Im, + Id, + ^3 |Br + LC{m), Af (T,) = A and \^{T,) ^ ^ for any e ^ sq. 
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M 



vC D 

We set Me the m-submanifold of IR"^-'^ obtained by gluing Mf and along their 
boundaries in a fixed direction v G Nx^Mi. Note that is a smooth immersion of 
Afi#M2 (resp. an embedding when Mi and M2 are embedded). 




computspec 



By the computations above, the sequence ifc(Mi#M2) 
Hausdorff distance and we have 



Ml converges to Mi in 

k 



lim / 



lim 



A/i 



iBJ^dt; 



Me 



iBrdu 



for any a < m and 



lim 



/ iHsr= /" |Hr+ / 



lim 

e-s>0 



IB, 



A4 



iBr + 



D1UD3 



Hr + C(m)L+ / 

J A 

Br + C(m)L+ / 



|H| 



IBI 



6.1.3. Computation of the spectrum of M^. We will prove that there exists a sequence 
(£p)pGN such that — )■ and the spectrum of M^^ converges to the disjoint union of 

Sp(Mi) and of |A|, where A satisfies A — < A ^ A. Since the collapsing 

VL lAnn, Takl 

of Me is multiscale, the cutting and rescaling technique of Ij^i has to be adapted. 
Indeed, after rescaling of we get another collapsing sequence of submanifolds with 
no uniform control of the trace and Sobolev Inequalities. 

We denote by {Xk)keN the union with multiplicities of the spectrum of Mi and of 
{A}, by (A|)fcgN the spectrum of M^ and by (^|)fceN the Dirichlet spectrum of the 

disjoint union M^ = U ( Mf \ Bx^ (lOe) j . By the Dirichlet principle, we have A| ^ 

for any A; G N. It is well known (see for instance that the Dirichlet spectrum of 
Mf \ BxiilOe) converges to the spectrum of Mi. We infer that /u| — t- A^ as e — )■ and 
so lim sup A|, ^ Afc for any k gN. 

We set Ofc = lim inf -^1 ■ To get some lower bound on the Ok, we need some 
local trace inequalities. We set St = {x G T^/ d{x,dT^) = —t} for any t ^ and 
St = {x G Mf/d{x,dMf) = t} for any t ^ 0. We also set Bt^r = '^-^{s/is-tl^rySs, 
Nr = Mf U Br ^ for any r ^ and Nr = Mf \ Br r for any r ^ 0. Let ajv/i be a 

2 ' 2 2 ' 2 

constant such that the volume density 0^ of M^ in normal coordinates to S'_2e satisfies 
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Speneg 



Spepos 



cut seal 



cutdir 



_i_(3 + ^ ^ ^^^^(3 + i)m-i fo,, any i ^ [-2e,aA,J and any u e 5_2.. 

Let be the distance in between Mf and and C{Di) be a constant such that 
for any t G [— (L + d + 2)e, — 2e] and any n E 5_2e we have g ^("^2" L) ^ [ c(Di) > ^(-^i)]- 



Let rj 

via Ah, 



[— 2e, aj\/J — )• [0, 1] be a smooth function such that rjit) = 1 for any t ^ 



and I??'! ^ For any r G [— 2e,a7v/i/2] and any / G H^iM^), we have 



f-Jv{-)f{;u)]ds 



^c(Mi 



1 SUPne5_2, ^) 



u 



(3 + s/e) 



m— 1 



ds 



2 



which gives 
(6.1) 



f /2 ^c(Mi)(3e + r 
when m ^ 3. By the same way, for any r G 
(6.2) 



2 



L + d + 2)e, — 2e], we have 



/ /2 ^ -c(Mi,Z)i)(£ + r 

JSr 



2 

m{M,) 



We now use this local trace inequality to get some estimates on the eigenfunctions of 
Mg. We set (p : — )• [0, 1] be a smooth function equal to 1 on A'^2ie/2 U (^^e \ ^-e/2)) 
equal to outeMe ^d^such that \ip'\ ^ p For any /i,/2 G H^{M^), integration of 
Inequalities (jb.i|l and 



(6.3) 
and 



/1/2 



¥5/195/2 I ^ 



Me 



lll/l 



^ c(Mi ) 1 1 /l 1 1 1 (M, ) 1 1 /2 1 (M, ) 



Me 



M, 

16 

^2 



+ 2(^/1 (d/l,d(/p)+(^2|^/l|2 



ll/l|lL2(Supp(dv:>)) + -|l/lllL2(Supp(<iv.))M/l||2 + ||d/l||i 



(6.4) ^c(Mi)||/i|| 

Let (ff ) be a L^-orthonormal, complete set of eigenfunctions of M^. For any fc, we set 

i K:"t- | ^''''" 

/| the function on Mi equal to Lpff. on A''ioe and extended by 0. By Inequality (|I6.4|) . we 
have ||/|||/^i(j\/j) ^ c(Afi)(l + Afc) for e small enough. We infer by diagonal extraction 
that there exists some sequences {ep)p^^ and {hk)k&] £ i?^(Mi)^ such that A^*" — )■ 
and {f^^)p converges weakly in H^{Mi) and strongly in L?'{Mi) to /i^, for any k. It is 
easy to prove that hk is a weak solution of A/i^ = auhk on H^{Mi \ {xi}) = //""^(Mi). 
By elliptic regularity, either /i^ = or is an eigenvalue of Mi. 

Let fco G N such that A^q = A. Since D2 isometric to [0, L] x S™'"^, any /^'^ can be 
seen as a function on [0,epL] x epW^~^ . For any / = Yli<iko Pifi^ ^ ^^'^^{fi^/ ^ ^ ^o}> 
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we define thgrescaling Fp on c = [0, 1] x by Fp{t, x) = £p La f(epLt, Spx). By- 

Inequality (|B.2j) . we liave 



l/p =^2^2/^/'^ c(Mi, Z)i)(l + |)(1 + A)||/||i, 

p2^J_ r c{M,,D,){l + X)\\f\\l ^ 



{0}xS'"-i ^ Jep{DinD2) 



{I}x§™-1 * ^^p Jep{D3nD2) 



and / F'p=l^j f^{l + X)c{M,,D,){l + j)\\f\\l 



for p large enough (note that we have d ^ 2 by construction). Moreover, we have 
\dFp\'^ ^ j-i^ ^ AII/II2. So we can assume that there exists F^c G H^{c) such 

that the sequence (Fp) converges to F^o weakly in H^(c) and strongly in L'^{c). We 
set jp{t) = /g„_i Fp{t,x)dx and joo(t) = Fooit,x)dx, we have jp,ioo G ^^HP)!]) 

(with jp(t) = ^(t, x)(ix), jp joo strongly in L^([0, 1]) and weakly in H'^{[0, 1]). 

By the estimates above and the compactness of the trace operator on c, we have 
1^-^(0)1 ^ C(M,)VWx\\m |joo(l)| ^ ^/rTA||/||2C7(Mi). Hence l{t) = j^{t) - 

(joo(O) + (joo(l) - joo(0))t) is in H^{[0, 1]). For any i; G C^{[0, 1]), we set Vp(t,x) = 
£pL'il;{-^) seen as a function in HQ{epD2). We have 



\'^'dt= ['f^i^'dt 
JO 

lim / j'{t)ij'{t) dt = lim / = hm^^ / {df,d^p) dtdx 

P Jo P Jc dt P eJy/ZJepD^ 

lim -^-^ — / fi^'^p dt dx = aij3iL^ lim / p-i/; 
0, 



— -1 _i e 1 

where Fi^p{t,x) = Sp L 2 f^^ (^e^Lt^Spx). We infer / is harmonic and in i^o([0, 1]), i.e. 
I = and joo(i) = ioo(O) + (joo(l) — ioo(0))t on [0, 1]. Since the Poincare inequality on 

gm-l gjygg ^^g 



f Fp{t,x)Ux^—^{[ Fp{t,x)dxf + -^ f Ids^-.F, 



2 

pi 



1 •2,'.N , ^P 



VolS*^ 



tJ«(*) + 7 TTT / l4„§™-i/l {£pLt,x)dx, 
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we get that 
1 



L I 



If the family (/ij)i<fco is not free in L?{Mi), then either one hi is null or they are 
all eigenfunctions of Mi. Since the eigenspaces are in direct sum, we infer that there 
exists /i ^ AfcQ_i and G M'^" \ {0} such that = 1) Si A^* = ^-iid Oj = for 

any i such that /3j 7^ 0. We set / = Pifl^ and : M^^ — )• [0, 1] a smooth function 
equal to 1 on Mg^ \ -/V_(-2+rf+^)£ > equal to on N_(2+d)£p and such that Iv^'l ^ T^/l' 
We then have 



(6.5) ^ g(^^i)a + A) ||^||,^ I 

s|) and (|lb.2p implv that J^^^ (?//) — ^ 1- Since r]/ G i/g(r£p) and since by 
construction of , we have Af (T^ ) = A, we then have \d{rif)\'^ ^ A Lj {rjfY . 



_ _ _ ' C(Mi)(l+A) " 



Letting p tend to c« in Inequality (p.i)\) we get that A — Afc^-i ^ ^ — -, which 
contradicts the choice made on L at the beginning of this subsection. 

We infer that (/ii)i<A:o ^^^^ L'^{Mi). This implies that is an eigenvalue of Mi 
and hi is an eigenfunction of Mi for any i < k^. Since ai = limA^'' ^ Aj = Aj(Mi) 
for any i < k^, we infer that Oi = Aj for any i < ko and that the {hi)i^kQ is a basis 
of the eigenspaces of Mi associated to the first fco eigenvalues. By the same way, if 
hko 7^ 0, then a^Q = ^ko-i (since it is an eigenvalue of Mi less than A) and so the 
family {hi)i^i^Q is not free. The same argument as above gives a contradiction. So we 
have that h^^ = 0. 

^y^ssupie that there exists another index / 7^ k^ such that hi = 0. Then, Inequality 
Sf^es that 4^ ^flyfi" ^ 0, fr^^i^fll? ^ 1 and ^T^^ivfi'? ^ 1 and Inequal- 
ity gives that and jrp \dipfi^\'^ remain bounded as £p — >• 0. We set 

gp a unitary eigenfunction of T^p for the Dirichlet problem associated to the eigenvalue 
A. If we set {^fll)\T^p = P^gp + 5^ and (^./f^lT., = ^Uv + with /3^^, /3f G M and 
orthogonal to Qp in {{^[T^p). The previous relations and the lower bound on 
^FiTcp) imply that 

/ ^ A(/3^j2 + A?(r,J||<^^J|i.( ) > (/?^o)'^ + ^ll'^^olli^(T.p)- 
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By the same way, (/3j')^A+^||5f 11^2(2^ ^ is bounded, and so ||^2('p ) and ||5f||^2(j' ) 
tend to with Sp. Now, we have (/3fcy)^ + ||5fc(j||^2('p ) — ^ 1 and so — )• 1. By the same 
way, we have \l3f\ — )• 1, which contradicts the fact that ipf^^ipf^'' — )• 0. We infer that 
for any k £ N\{A;o} we have that is an eigenyalue^of Mi. Moreover, if we decompose 



{^fk'')\T,p = f^kdp + K above, Inequahty imphes that + ^\\^k\\\2(rp^^'^ 



remains bounded and so we have hm ||5?||^2/7i ^ = and Inequahty (|b.;i|) gives 



= lim/ f^jl^=\i^m,=^^^Pl 
J Ms 

and so {'^fif)\Ts — )• in L (T^^) for any k ^ k^. Once again. Inequality (|b.a|) gives us 
that for any k^l G N \ {/cq}, we have 

hkh = Ski- 

Ml 

From the min-max principle, it gives that we have ^ for any k ^ k^. Since we 
have Ok ^ for any G N, we infer that for any k £ N\{/co} we have Ok = A^. Finally, 
Inequality (|lb?b|) . applied to / = /^^ and n = ak^ gives that G [A — £iMl^±2il ^ _\], 

Ictr expl e4 

6.1.4. End of the proof of Theorem \\l.°A and case a = m. Since we can take L as large - 
as needed while keeping J^^ |B|° — t- f^j_^ |-B|° for any a < n, we get Theorem ill .21 
for F = Sp(Mi) U {A} by diagonal extraction. Iterating the construction (with M2 
replaced by S™ for any supplementary gluing) we get the result for any disjoint union 
F = Sp(Mi) U {finite set} and then for any F, since any closed set F is the limit in 
pointed-Hausdorff topology of a sequence of finite sets. 

In the case a = m, the limit ("j^^ ^jBl^ depend on L and so we are only able to 
get a weak version of Theorem ill. 2 1 with F = Sp(Mi) U G, where G is a finite set 
whose elements are known up to an error term and where the point 2) is replaced by 
Iii^{Mi#M2) l-^l"* bounded by a constant that depend on Mi, M2, Di, D3, G and on 
the error term. 

jctrexplel 

6.2. Example ill. 41 We set 1^ = [e, f ] for e > and let 99 : 4 — > (-l,+oo) be a 
function continuous on and smooth on (e, For any ^ ^ n — 2, we consider 
the map 

^><^ : S"-fc-i X S'^ X 4 — > = M"-'' e M'=+^ 

x={y,z,r) I — > {1 + if {r)){y s'mr + z cos r) 

whose image X^p is a smooth embedded submanifold (with boundary) diffeomorphic 
to S"" \ -B(§^,e). We denote respectively by Bq{ip) and Hqif) the second fundamental 
form and the mean curvature of X^^ at the point q. They are given by the following 
formulae. 



courbmoy 



equadif 



ctrexple2 
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Lemma 6.1. Let x = {y,z,r) G S 
Then we have 

-3/2 
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n-k-1 X S'^ X 4, g = and {u,v,h) e T^X,. 



nH,((^) = (vp'2 + (l + (p)2 



^" + {i + vy 



-1/2 ^ 



1 + (fir) 



1 + ip{r))ip"{r) + (1 + ip{r)f + 2ip'^{r) 



-{n — k — l)ip'(r) cot r + (n — 1)(1 + (p{r)) + kip'(r) tan r 



(l + (^(r))- 



max! 1 



cot r , 1 + 



1 + 9? 



tan r , 1 + 



^/2 + (1 + <^)2 



Irt.r RYpI fi1 

To prove Theorem 111. 4t we set a < and define the function on by 



dt 



1 ^i2(n-fc-l) _ 1 



if e ^ r ^ a + e, 

if r ^ a + e, 
if r ^ 2a + e, 



where is a constant and is chosen so that is smooth on (e, ^] and strictly 
concave on (e, 2a + e]. Since we have fe{x) — >• 0, f'^{x) — >• 0, (x) — )• for any fixed 
X G (e, a + e], the concavity imphes that 6^ — )• as e — )• (hence can be chosen 
less than that — )• uniformly on and that 99^ converges uniformly to on 
any compact subset of (e, Moreover, can be chosen such that 99" converges to 
uniformly on any compact subset of (e, f ]• 
On (e, a + e\, ip^ satisfies 



n 



A;-l)(l + <^: 



(6.6) 

(/3e(e) = and X\m.Lp' (t) = +00 = — \mnp"(t). On i^—h^^h^)^ we define (^^ by (^e(t) = 

(p~^{\t\). Since satisfies the equation yy" = (n — /c — l)(l + (y')^) with initial data 
(^e(O) = e and (^^(O) = 0, it is smooth at 0, hence on {—be,be)- 

Now we consider the two applications <I>^^ and ^-ip^ defined as above, and we set 
M+ = X^^, M- = X^p^ and = M+ U M' . is a smooth submanifold of R"+i 
since the function F^{pi,p2) = — |pp sin^ ((^e(|p| — 1)), defined on 

u = {p= (pi,p2) e M"-'^ e m'^+Vpi / 0, p2 / 0, -5, + 1< IpI < 6, + 1} 

gives a smooth, local equation of at the neighborhood of n M~ that satisfies 



VF,(pi,p2) 



2pi cos^ e — 2yi2 sin^ e / 



on M+ nM". 

We denote respectively by Hg, and B^, the mean curvature and the second funda- 
mental form of . 



Theorem 6.2. and ||Be||^_^ remain hounded whereas \\Hi, 



l||i 



and 



\X\ - 1 



when e — )• 0. 



Remark 6.3. We have IIB 



s\\q 



00 when e — 7- 0, for any q > n — k. 
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Icou rbTiioy 

Proof. From the lemma IB. 1 1 and the definition of 99^, and jBgl converge uniformly 
to 1 on any compact of \ M+ n M" . On the neighborhood of D , we have 
n{H^)x = nhf{r) and nhf ^ hf^ + hf^ + hf^, where 



(VP? + (1 ± ^^)2) 



2\~l/2 



k 



hf^{r) = — ' ^ ' (p'^ tan(r) ^ z tan — 



l-b. 



n + 1 
1-6. 



and by differential Equation (|lb b|) we have 



adif 



hf^{r) = (n-k-l)- 



^{n-k-1) 



{^'i + (1 ± ^,Y) 



2^1-1/2 



I 



cot(r) 



+ - 



n — k — 1 



+ (1 ± <^,)2)-v2 



- {^'^ + (1 ± ^e?)-^'\l ± ^e)(l + ^?We 



n 



l — hp\r 



cot(r) 



n 



+- 



+ (1 ± ^^)2) 



2^-3/2 



r(l ± (pe 



n 



l-br,\r 



n 2 + be 



n fl . .\ n 2 



be 



Since 



r/e 



dt 



a^di/r^~+ooi^,weget 



/i v^t2(n-fc-i) _ 1 rJi - 1 

that /if^ is bounded on M^, hence is bounded on M^. By the Lebesgue theorem 



we have IIH^ 



0. 



We now bound HBgHq with q = n — k. The volume element at the neighbourhood of 
M+ n Mr is 



vol 



(6.7) 



dv, 



',, = (i±<^,r(i + (- 



1/2 sin^-'^-\r) cosHr)dVn-k-idvkdr 



where dvn-k^^TM^ dvk are the gaiu^i^al volume element of and S respectively. 

By Lemma lib, il and Equation (|B.6|) . we have 



(^',2 + (l±^^)2) 



max! 1 



cot r , 1 + 



■ tan r 



1 + 



y,;2 + („_A;-l)(l±y,)(l + (^?VJr 



dv, 



9e 
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Noting that , ^ ^ min(l, x), it is easy to see that, if we set = min(l, \ip'^\) 
|l-Tlfccotr| ^ 1 ^ cotr 



l-(Pe (1 - V'e) V ^ 

Similarly for r G [e, 7r/5 + e] and e small enough, we have 

I £/?' I 

1 I ^ an Pj 

I ^ ^ 4(1 + /ietanr) ^ 8(1 + /i^r) ^8(1 + —) 

And since ip'^ = for r ^ 7r/5 + e, this inequality is also true for r G (e, 7r/2]. Moreover 

^? + (n-A:-l)(l±<^,)(l + <^?M/r 



1 + 



^^fT(T±^ <^f + (i±<^,)2 



nhe {I±pe){l + V>'e) ^ 2 ^ nh^ {I + 



2 



^ 1 ± + r(l - if,) + (1 ± ¥P,)2 ^ 1 ± ^ ^ r (1 - v^^; 
^2(2 + 9^) 
It follows that 

|Berdt;g, ^ C(n, A;) (1 + ^ C(n, A;)(r + (1 + -^)(i^„_fc_idt;fedr 

r 1 ± 

^ C(n, A;)r"^(r + /i£)«('l + . \dvn-k-idvkdr 

Now 

1 



/ \BA'idvq,<,C{n,k){ r-Ml + ^ =)dr 

+ / 1 r"-*^-Ml + — =) dr) 

J2 2(«-fe-i)£ V r^(r/e)2("-fc-i) - 1^ / 



2 2(«-fe-l) , p2a/£+l 1 

^C{n,k)( s-Ul + ^= )ds+ / ^s"-'=-i(£+ 



Since £~ ^ ^ + 1 for e small enough we have 

-1 

r / '' n„n-k-l f-2a/e+l . 

/ iBj^dT;^, ^ C(n,fc)(l+ / 1 2 — ds+ l , 2s"-'=-^£«ds ) 

^ C(n,fc)(l+e"-^-i) 
which remains bounded when e ^ 0. □ 
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Since Lp^ is constant outside a neighborhood of n M^T (given by a), is 
a smooth submanifold diffeomorphic to the sum of two spheres S" along a (great) 
subsphere S'' C S". 




If we denote one connected component of the points of corresponding to r ^ 3a, 
we get some pieces of hyper surf aces 



that can be glued together along pieces of spheres of constant curvature to get a smooth 
submanifold Af^, diffeomorphic to p spheres S" glued each other along / subspheres Si^ 
and with curvature satisfying the bounds of Theprm] ^ll^4l ( wiien all the subspheres have 
dimension 0) or of the remark before Theorem 111.31 




Since the surgeries are performed along subsets of capacity zero, the manifold con- 
structed have a spectrum close to the spectrum of p disjoints spheres of radius close 
to 1 (i.e. close to the spectrum of the standard S" with all multiplicities multiplied 
by p). More precisely, we set r/ G [2e, and for any subsphere 5j, we set Ni^r],e the 
tubular neighborhood of radius r] of the submanifold Si = M^- n M~- in the local 
parametrization of Mg given by the map . associated to the subsphere Si. We have 
Me = ^i,rj,e U • • • U ^p,r],£ U Ni^r},£ U • • • U Ni^,^^^ where are the connected component 
of M\ [JiNi^ri,£- The ^i^n,e are diffeomorphic to some Si^ri (which does not depend on e 
and rj) open set of S" which are complements of neighborhoods of subspheres of dimen- 
sion less than n — 2 and radius 77, endowed with metrics which converge in topology 
to standard metrics of curvature 1 on 5^^^. Indeed, converge to in topology 

on [rs^ri , f ], where /J^''' ^/(l ± (pe,i)'^ + (v^^ j)^ = V since it converges in topology on 
any compact of [e, f] and since we have 



b,,e)dt = {ri'^-e){l-bi,,) 



i,± i.± 



77 ^ / (1 + dt + / , = (r^;^ -£)(! + h,. 



■e ' 

dt 



1 x/t2{n-fc-l) _ 1 



so T^,^ r\ when e — )• 0. So the spectrum of UjOj^rj^e C for the Dirichlet problem 
converges to the spectrum of Uj5j^^ C IliS" for the Dirichlet problem as e tends to 
(by the min-max principle). Since any subsphere of codimension at least 2 has zero 
capacity in S", we have that the spectrum of UjSj^.^ C IliS"" for the Dirichlet problem 
converges to the spectrum of IljS" when r\ tends to (see for instance p] or adapt 
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rminf f oncpr op 



what follows). Since the spectrum of II jS" is the spectrum of S" with all multiplicities 
multiplied by p, by diagonal extraction we infer the existence of two sequences (em) 
and (rjm) such that — ^ 0, rym — ^ and the spectrum of UiQi^ri,n,em fo^' the 

Dirichlet problem converges to the spectrum of S" with all multiplicities multiplied by 
p. Finally, note that Xi{AI^) ^ Xi{^i^i.2ri.e) ^or any / by the Dirichlet principle. 

On the other hand, by using functions of the distance to the Si we can easily construct 
on Me a function -i/'e with value in [0, 1], support in UiQi^ri,e, equal to 1 on UiQi,2ri,e and 
whose gradient satisfies \d^pl 

111 



'96 



^ ^. It readily follows that 



■/■Jill 



VoliV. 



i,2r),£ 



Vol Me 



To estimate Vol Ni^2rj,e, note that Ni^2ri,e corresponds to the set of points with 



i,± 



in the parametrization of M^ given by $<^^ . at the neighborhood of Si, where, as 



above, 



'£,2r, 



is given by 



6.2-q 



hence satisfies \{r^i^^^ 



VoliV, 



i,2ri,e 



/(I ± ip,,r + iv'J' = 2r? 
e) ^ 2r) (since we have 1 — (pe,i 1^ \)- By formula 



we have 



\n-l 



+C(n) 



1 



^ C(n)(4?7 + ey'-''-^r] ^ C{n, k)rf-^ 
where we have used that c/^g j ^ 2 and 2e ^ r/. We then have 

l|i-V''lli + 

To end the proof of the fact that M^ 



^C(n,fe,/,p)??"-^ 



has a spectrum close to that of Uifij^ 



we 



need the following proposition, whose proof is a classical Moser iteration (we use the 
Simon and Michael Sobolev Inequality). 

Proposition 6.4. For any q > n there exists a constant C{q,n) so that if {M",g) is 
any Riemannian manifold isometrically immersed in M"+-^ and Ef^ = {fo,--- , fN)is 
the space spanned by the eigenf unctions associated to Xq ^ • • • ^ Xn, then for any 
f G E]\f we have 



^C(g,n)((t;M)'/"(A 



1/2 
N 



+ l|H|| 



where ^ = 1^. 

Since we already know that XaiM^^) ^ A^(Ujr2i,^^,£„) >^E{a/p)i^'^) for any a 
when m — t- oo, we infer that for any there exists m = m{N) large enough such that 
on Mg^ and for any / G Ej\f, we have (with q = 2n and since ||II||oo ^ C{n)) 

\\f\\^^C{p,N,n)\\f\\2 

By the previous estimates, if we set 

L,^:feEN^ A^f G RU^in^,r,^,eJ 
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then we have 

ll/lli > ^ ll/lli - ll/llLlll - Clli ^ 11/111(1 - C(kXv.N,n)rr-^) 

and 

Vol M^^ }m,^ 



^ (1 + + (1 + i)TTT^ / f\di,,J 

h Vol Me„ Jm,^ 



< (1 + + (1 + i)C(fc,/,p,iV,n)||/||2r?;;-^ 

n—k 

for any /i > 0. We set h = rjm ■ For m = m{k,l,p, N,n) large enough, L^^ : E]\f — )• 
liQ{Uiili^rim,em) is injective and for any / G ii^jy, we have 

2 ||^f||2 „_fc 



^ {l + Cik,l,p,N,n)rim' y-\r^ + C{k,Up,N,n)r,, 



2 



n—k n~k 

2 



By the min-max principle, we infer that for any a ^ N, we have 

n — k 

Xa{MeJ ^ A^(Uir?i,^„,,^) ^ {l + C{k,l,p,N,n)r,^^ )X„{MsJ + C{k,l,p, N,n)rjn 
Since Xa{Llini^rjM,e,J Ai5(^/p)(S"), this gives that Xa{Me^) Ai5(^/p)(S") for 



a ^ N. By diagonal extraction we get the seguei^c^ of manifolds {Mj) of Theorem] 

To construct the sequence oLXfef offf^ lH-fcil we consider the sequence of embedded 
submanifolds (Mj) of Theorem ill. 41 for p = 2, k = n — 2 and / = 1. Each element of the 
sequence admits a covering of degree d given by y i— )• y'^ in the local charts associated 
to the maps We endow these covering with the pulled back metrics. Arguing as 
above, we get that the spectrum of the new sequence converge to the spectrum of two 
disjoint copies of 

(S^ X S""^ X [0, ^],dr^ + d^ sin^ rg^i + cos^ r5gn-2) . 
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Appendix A. Proof of Lemma IB. II 

Let {u, V, h) G T^Se and put w = d($^)^(u, v,h) £ TgX^ where Se = §"-^=-1 xS'^xI^. 
An easy computation shows that 

w = {1 + (p{r)){{sm r)u + (cos r)v) 

difphi (A.l) + if' (r) {{sin r)y + {cosr)z)h + (1 + if{r)) {{cos r)y — {smr)z)h 



We set 



Nq = — (f' {r) {{cos r)y — (sinr)z) + (1 + ip{r)){{smr)y + (cosr)z) 



and N„ = -7- is a unit normal vector field on X^. Then we have 

(^/2 + (1 + ^)2)1/2 

Bq{ip){w,w) = {ViN,w) = {^'' + {l + ^f)-'^\viN,w) 

n+l 

defsecl (A.2) = {if'^ + {1 + ^fy^^^ (j2w{N')di,w 

i=l 

where (9i)isgi^n+i is the canonical basis of R""*"^. A straightforward computation shows 
that 

n+l 

'w{N'^)di = — if' {r) {{cos r)u — (sinr)?j) + (1 + ip{r)){{smr)u + (cosr)z;) 

1=1 

— ip" {r) {{cos r)y — {s'mr)z)h + 2ip' {r) {{sin r)y + {cosr)z)h 
+ (1 + (p{r)){{cosr)y — {sinr)z)h 

Hpf ?^ec Jf^i f phi 

Reporting this in (|A.2|) and using (|A.i|) we get 

Bq{ip){{u,v,h),{u,v,h)) = ^ ==\-tf'{r){l + (p{r))sinrcosr{\u\'^ - 

Vv"2 + (1 + L 

+ (1 + <f{r)f{sin^ r|n|2 + cos^ r|v|2) - (l + ip{r))(p" {r)h'^ + 2(p'^{r)h'^ + (1 + <f{r)fh'^ 

Now let {ui)i^i^n-k~i and (fj)i^i^fc be orthonormal bases of respectively S""'^"-'^ at y 
and S'^ at z. We set g = ^"^can and ^ = (0, 0, 1), then we have 

g{ui,Uj) = (1 + ^{r) f sin^ rdij, g{vi,Vj) = (1 + ^{r))^ cos^ r5ij, g{ui,Vj) = 0, 

9{t0 = ^'^ + (1 + ^f, 9{uiX) = 9{vj,0 = 0. 

Now setting ttj = d{^ip)x{ui), Vi = d{^^)x{ui) and ^ = d{^ip)x{C), the relation above 
allows us to compute the trace and norm 

\Bq{^)\=ni.4uiJ''^^''^^''-''^^^^ 

V i g{ui,ui) j g{vj,vj) c/(4,0 

— : max 1 cotr, IH tanr , 1+- 
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of the second fundamental form. 
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